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Glossary

Agglomeration economies Economies of scale that
encourage the spatial concentration of production.
Discrete choice theory Theory of choice with a finite
set of alternatives.

General equilibrium analysis Analysis of all markets
simultaneously.

Invisible hand conjecture Economic agents rationally
pursuing their own interests leads to a Pareto efficient
outcome.

Monocentric city A city with a single centre of economic
activity. ¢ e

Introduction

A simulation model is a parameterised model that is
solved on the computer since it is too complex to solve
analytically. Economic simulation models are widely used
for forecasting and for predicting the effects of public
policies. A model is calibrated to a base case situation;
then parameters are altered to correspond to a particular
policy; the simulated effects of the policy are measured by
the difference between solution values with and without
the policy in place. This article focuses on a class of
economic simulation models that builds on the new
urban economics, which views the urban economy from
the perspective of competitive general equilibrium theory.

Background
Competitive General Equilibrium Theory

The microeconomic theory taught in economics princi-
ples classes is partial equilibrium analysis, which looks at a
single market. The equilibrium price and quantity in the
market are determined by the intersection of the demand
and supply curves in that market. The demand curve
relates the quantity demanded to the price of the good,
holding household incomes and the prices of all other
goods fixed. The supply curve relates the quantity sup-
plied to the price of the good, holding technology and
factor prices fixed.

General equilibrium analysis, in contrast, investigates
the simultaneous determination of equilibrium in all mar-
kets. In competitive general equilibrium theory, all

Numéraire commodity The commodity that is the unit
of account.

Pareto efficiency The property of an economic
allocation that no individual can be made better off
without another becoming worse off.

Partial equilibrium analysis Analysis of a single
market.

Polycentric city A city with many centres of economic
activity. p

Walras’ Law The value of aggregate excess demand
equals zero or market clearing in all but one market
implies market clearing in that market.

economic agents (firms and households) take prices as
ﬁxed. Goods, the outputs of production, and factors (and
intermediate goods), the inputs, are together termed com-
modities. In an economy with » commodities, there are 7
markets, each of which must clear in equilibrium. Letting
pi denote the price of commodity 7 equilibrium is deter-
mined simultaneously in all markets by the system of #
equations in #» unknowns:

Di( iy » 5 500) = 8iliy e s Bia)si= Lyuioy st 1]

(The equilibrium allocation is the same whether prices
are measured in dollars or cents; that is, equilibrium
determines only relative prices. Mathematically, this cor-
responds to only #— 1 of the equations being independent —
any one equation is implied by the remaining #—1
equations. This result is known as Walras’ Law. Since
equilibrium determines only relative prices, some price
normalisation is employed. A common one is to set a
wage rate equal to one; the corresponding type of labour
is referred to as the numéraire commodity.)

The major developments in general equilibrium
theory occurred during the first half of the last century.
Conditions for the existence, uniqueness, and efficiency
of competitive general equilibrium were derived,
and Adam Smith’s famous invisible hand conjecture
(“[An individual is] led by an invisible hand to promote
an end which was no part of his intention. Nor is it always
the worse for the society that it was not part of it. By
pursuing his own interest he frequently promotes that of
the society more effectually than when he really intends
to promote it.”), that economic agents rationally pursuing
their own interest leads to a socially desirable outcome,
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- was formalised in the welfare theorems, the first stating

that any competitive equilibriutt:'% Pareto efficient — no
individual can be made better-g Wwithout some other
individual being made worse off. :

In 1950, almost all policy-oriented economic research
employed partial equilibrium analysis. The next quarter
century saw a general equilibrium revolution in applied
‘microeconomic theory. In urban economics, the result
was the new (now, of course, no longer new) urban eco-
pomics. The new urban economics grew around a

' particular general equilibrium model of the urban econ-

omy, the monocentric model, which will be described in
detail below. The basic monocentric model views the
urban economy as having 2J +2 markets, one market for
land and another for housing at each of the J locations, a
labour market, and a goods market. Any exogenous
change, for example in transport technology, affects all
these markets simultaneously. Extensions of the basic
model allow for taxes and public services, multiple trans-
port modes, traffic congestion, pollution, crime, and so on.
The central idea is the interrelatedness of all the markets.

Computable General Equilibrium Models

In the early 1970, fixed-point algorithms were developed
for the computational solution of general equilibrium
models. Since then considerable progress has been made
in algorithms and computer programs (GAMS is the best
known) specifically designed to solve computable general
equilibrium (CGE) grodels. This progress, along with the
enormous improvements in computational speed over the
Jast few decades, permits the routine computer solution of
large-scale general equilibrium models.

While containing considerable economic detail —
multiple household groups, multiple industries/goods,
and so on — most CGE models have a simple economic
structure that greatly facilitates their computation. More
sophisticated CGE models — for example, those that allow
for strategic interaction between firms —are more difficult
to solve. Most CGE models contain only a few primary
factors of production — capital, labour (perhaps two
types), and perhaps energy or land — and assume constant
returns to scale in production at the level of the firm. Each
good’s unit cost (the cost of producing one unit of the
good) can then be written as a function of only the prices
of the primary factors, and each good’s unit factor demand
functions (cost-minimising quantities of primary factors
that together produce a unit of output at minimum cost)
straightforwardly calculated. Perfect competition is typi-
cally assumed, which implies that firms set price equal to
unit cost. The prices of all goods can then be expressed as
functions of only the primary factor prices. Since a house-
hold’s income is a function of its factor endowment and
the primary factor prices, its demand for each of the goods
can be calculated on the basis of its tastes, endowment,

.

24,

and primary factor prices. Summing over all households
gives the aggregate demand for each good, as a function of
the primary factor prices. The derived aggregate demand
for primary factor 7 as a function of the primary factor
prices, is then calculated as the aggregate demand for
good 7 times the wmit demand for factor 7in the production
of good i, summed over all goods. If there are F primary
factors of production, setting these aggregate factor
demands equal to the corresponding aggregate factor
supplies yields a system of F—1 independent equations.
Thus, in a model with 25 industries, 50 household groups,
and 2 primary factors of production, the determination of
equilibrium reduces to the solution of one equation in one
unknown. Having obtained the equilibrium primary fac-
tor prices, the equilibrium goods prices are calculated
from the unit cost functions, from which the equilibrium
allocation is determined. Taxes can be treated straight-
forwardly by introducing tax wedges between producer
and consumer prices.

Computable general equilibrium models are used
extensively in international trade, tax, agricultural, and
environmental policy analysis. In these areas, policy
debate is increasingly becoming a numbers game between
simulation models designed from different economic per-
spectives. At the least, this numbers game focuses and
structures the policy debate. But, when well constructed,
CGE models also have considerable value in quantifying
the importance of various channels through which a pol-
icy impacts the economy, and in providing precise
estimates of the gains and losses to various groups from
the policy’s implementation.

Urban policy debate has not yet reached this level of
sophistication, mainly because most policy makers are
local and do not have the resources or the technical
capacity to work with large-scale simulation models.
They are however increasingly being used by metropoli-
tan planning agencies in planning land use and
transportation and in performing environmental impact
assessments. Urban economic simulation models have also
been influential in forming urban economists’ opinions
concerning the relative desirability of alternative policies.

New Urban Economic Simulation Models:
The First Generation

The first generation of new urban economic simulation
models were CGE models that employed the mono-
centric (city) model as their theoretical foundation.
Their level of spatial resolution is lower than that
required for neighbourhood analysis but higher than
that in interregional or international analyses.

The monocentric model describes the general equili-
brium of a simple, circular city/metropolitan area. The
city has a fixed population, N, of identical households,
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each of which is endowed with one unit of labour and has
an .equal share in land ownership. Households receive
utility from a consumption good, ¢, and housing, 4 (mea-
sure.d in terms of housing unit floor area): #= u(c,h). The
spatial structure is simple. All nonresidential activities
occur at a point in space, the central business district
(CBD), which is surrounded by housing extending to
the urban boundary. Distance from the CBD is denoted
by x. Each day each household commutes radially to the
CBD to work and to shop, at a cost of 7 units of the
composite good per year for each unit distance it lives
from the CBD. The production structure too is simple.
T.here are constant returns to scale in goods production

with labour as the sole input. The output is the numéraire1
cor.nposite good, one unit of which can be used as either a
unit of consumption or a unit of housing capital. Housing
Hroducers use a constant returns to-scale housing produc-
tion function, with land and hous}ng capital as inputs, to

produce floor space. Industry structure is competitive: in

all markets. Let » denote the wage, 7(x) equilibrium land

rent per unit area of land at v, and p(x) equilibrium

housing rent per unit area of floor space at x.

The.ljest of the section describes how the model’s
competitive general equilibrium can be solved, and how
the model can be applied to analyse the effects of a
property tax (Figure 1).

A household is free to choose where in the city it lives.
Cpnsequently, to offset higher commuting costs at more
distant locations, housing rent falls off with distance to the
CBD such that households receive the same equilibrium
utility level at all settled locations. Turn to Figure 1
which plots budget lines and the equilibrium indifference,
curve, corresponding to the equilibrium utility level, U,

y+0=c+p(0)h
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Figure 1 How housing rents and household consumption
bundles change with distance from the CBD.

in b—¢ space. Now consider a household that lives ri 1

next to the CBD and hence incurs no commuting costg
Where 6 is its income from land ownership, its budget-
constraint is given by:

w+0=c+ p(0)h 2]

The household divides its labour and land income
b.etween consumption and housing rent. From the definj-
tion of equilibrium, the household is maximising its utility
subject to its budget constraint. This, plus the condition
Fhat the household receives the equilibrium utility level
implies that the household’s budget constraint is tangen;
to the equilibrium indifference curve. This determines
the slope of its budget constraint, which is housing rent
at th.e city centre, p(0), as well as its consumption and
housing, «(0,Up) and A(0,U;). Perform the same exercise
for the household living at #'. Its budget constraint is

“wH0=c+p(x')h+1x'; this household has the same

income as the household at the CBD and divides it
%)etween consumption, housing rent p(x')4, and commut-
ing . costs tv'. Repeating for all locations yields the
function p"(x;U,) — equilibrium housing rent at location
x with the equilibrium utility level U, — as well as % U)
and A(x;Uj) (Figure 2). :

Now consider a housing firm, which uses land, L, and

c.apltal, K, to produce floor space according to the produc-
tion function F=FK,L). Since housing production
exhibits constant returns to scale, the function can be
written in intensive form as f= f{£), where J/=F/L and
k=K/L. The problem facing a housing firm at x is to
choose the capital-land ratio so as to maximise profit
per unit area of land: max; m(x) = p(x)f{ k) — k— Ax), which
18 plortrayed geometrically in Figure 2. The firm will add
capital to the land to the point where the increase in
housing rental income from adding an extra unit of capi-
tal, p(x)f"(k), equals the cost of that extra unit, 1. Thus,
k(% Up) = #Np (a5 Up)). Competition between housing
firms drives profit to zero, so that (per unit area of land)
land rent is determined as the residual between housing
revenue and nonland costs, as indicated in the diagram.
Thus, land rent at a location can be derived from the
housing rent there, yielding the function (%, Up).

The boundary of residential settlement, &, occurs where
t}ie land rent is zero: \(¥";Up) = 0, which can be rewritten as
i *"(Up). Finally, the equilibrium utility level is deter-
mined by the condition that the amount of floor space
constructed is just the right amount to house the population:

/0*‘“’“ [%JA(J:M,V: N [3

where A(x) is the area of the land at x. f(k(x; Uy)) /b (% Up) i
the housing floor area at x per unit area of land divided by
the housing floor area per household at x, conditional
on U, and is therefore the number of households
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Unit floor area

MC

MR( = p(x)f'(K)

» k

k*

Figure 2 The relationship between land and housing rent, and the determination of the capital-land ratio in housing.

accommodated per unit area of land at x with utility Uj,.
Summing over all locations from the CBD to the urban
boundary, the left-hand side in eqn [3] therefore gives the
number of households that can be accommodated in the
city, which in equilibrium equals the household popula-
tion. At all locations, an increase in the utility level leads
to a decrease in housing and land rent and consequently a
decrease in the floor-area ratio, an increase in housing
demand, and a decrease in household population density.
The increase in utidity also leads to a decrease in the
urban boundary, which combined with the decrease in
population density implies a decrease in the household
population that can be accommodated. Thus, there is a
unique utility level that satisfies eqn [3].

This is such a simple model that, with simple func-
tional forms, a closed-form solution can be derived. It will
be instructive nonetheless to consider how the model
could be solved on the computer. A brute-force approach
to the model’s computer solution might proceed as fol-
lows. Discretise space so that the CBD is surrounded by
concentric circles, each occupying a unit area, indexing
the circles by /= 1,..., 7 from the CBD outwards. There
are then 27+ 2 markets — land and housing markets at
each location, a labour market, and a composite good
market. The composite good is the numéraire good and
the wage rate equals one labour unit’s output of the
composite good. That leaves 27 equilibrium prices to be
determined. Since computation time increases consider-
ably more rapidly than linearly in the number of variables
to be solved for, this brute-force approach would likely
be computationally costly. A superior computational
approach exploits the economic structure of the problem,
solving one equation, eqn [3] above, in one unknown, U
The left-hand side of eqn [3] can be interpreted as the
quantity of households demanded (the number of house-
holds that can be accommodated) and the right-hand side

as the quantity of households supplied. Defining Z(Uj) to
be the excess demand for households, and discretising
space as above, the equilibrium level of utility is the
zero of:

2 = 3 LEED) 2

This equation can be solved numerically as follows: Set a
reasonable domain for U, say from U’ to U". Calculate
whether excess demand is positive or negative at the
midpoint. If positive, the equilibrium point lies between
U and (U + U")/2. Take the midpoint of this interval,
(3U' + U")/4. If excess demand is negative there, then
the equilibrium point lies between (3U'+U")/4 and

_(U'+U")/2. Take the midpoint of this interval,
(5U' +3U")/8, etc. Proceed until a guess of U is found
that yields sufficiently low excess demand. A more sophis-
ticated algorithm takes a starting point, Uo?, calculates both
the excess demand and the derivative of the excess demand
function with respect to Uj there, and then guesses the zero
of the function as the intersection of the tangent line with
the Uj-axis, Up™. Tt then calculates the excess demand
and the derivative of the excess demand function at this
second guess of Uy, and proceeds until a guess of Up is found
that yields sufficiently low excess demand. The values
of the other variables are then solved for.

In this very simple model, the property tax is modelled
as a tax wedge between the consumer and producer
housing rents. A household’s housing demand depends
on the consumer rent, and a housing firm’s choice of
capital-land ratio on the producer rent. Since the model
is general equilibrium, disposition of the revenue raised
from the property tax needs to be considered. The prop-
erty tax revenue might be split equally among
households, or used to replace lump-sum tax revenue.







